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Abstract

This paper critically examines Straffin’s probabilistic characterizations of the classical
measures of voting power. It then introduces an extension of the Banzhaf measure of voting
power to arbitrarily distributed and correlated votes, and discusses the advantages and dis-
advantages of correlation as a statistical tool for modeling actual voting behavior. The paper
is motivated by the literature on the Condorcet Jury Theorem, which has already probed the
issue in a different setting. Numerical examples show how heterogeneity among the members
of a voting body, when expressed in terms of correlation between votes, can induce actual
power distributions different from those implied by equiprobable and independent votes.
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1 Introduction

The indices by both Banzhaf (1965) and Shapley and Shubik (1954) measure the distribution of
a priort voting power that follows from the rules of a voting body alone. In a weighted voting
game, the rules are given by the weights attached to the members’ votes and the quota of total
weights needed to pass a motion. The exclusive focus on the rules makes a priori power different
from actual power defined by the probability of casting a critical vote.

Straffin (1977) provides a characterization of the Banzhaf measure (Bz) and the Shapley-
Shubik Index in terms of stochastic models. Straffin’s models assume independent votes. How-
ever, there are compelling reasons to view the votes as correlated rather than independent. While
it is beyond the scope of this paper to review the literature on possible sources of dependence,
three factors stand out: preferences, strategies and information. Members of a voting body are
likely to have different preferences with respect to a motion. Common or opposite preferences
may lead to positively or negatively correlated votes. Second, imperfectly informed members
may vote strategically. Strategy, as a contingent action plan, will not be independent by defi-
nition. Third, and following Straffin, members of a voting body may follow common standards
when evaluating a motion, so that the votes in favor will correlate positively. One example of a
common standard is common information.

This paper focuses on the Bz (absolute) measure of power. Implicit in a priori Bz power is the
equal treatment of all coalitions. This property cannot realistically be maintained if preferences,
strategies and information are to enter the measurement of power. Taking a differentiated view of
the probabilities of occurrence of coalitions seems to be a natural way of taking into account the
heterogeneity among members of a voting body that goes beyond voting weights (e.g. Laruelle

and Valenciano 2002).



This paper is inspired by the literature on the Condorcet Jury Theorem (CJT), which has
already probed the issue. This literature is not about the voting power of an individual member,
but rather about the problem-solving power of the voting body as a group. A key question in this
literature concerns the effect of individual competences on collective competence when the former
are not independent. Voting in juries may be different from voting in general committees insofar
as, ideally, jurors should have identical preferences, namely to convict the guilty and acquit the
innocent. Different individual decisions in juries will likely arise from differences in information,
as opposed to heterogeneous preferences. The statistical consequences will nevertheless be the
same. These statistical consequences provide a unifying theme between the literature on the
Condorcet Jury Theorem and the literature on voting power. A voter is the more powerful
the more frequently her vote is critical. But this will depend on circumstances created by
other voters casting their votes so that she has opportunities to be critical. The likelihood of
these circumstances occurring and hence the actual voting power will depend on the stochastic
properties of the votes.

Correlation also seems to be a general way of taking voters’ preferences into account, and the
need to do so is debated in the literature on voting power (e.g. Napel and Widgrén 2004, Braham
and Holler 2005). The generality derives from correlation expressing only the probabilistic ten-
dency between a pair of members toward certain positions, rather than deterministic positions.

It is of equal importance that correlation introduces an element of realism to the analysis of
a priori power, while preserving the basic structure of the Bz measure and everything we know
about weighting voting games which follows from the properties of characteristic functions.

Section [2] discusses Straffin’s theorems leading to the interpretation of the classical measure
of voting power as the probability of casting a critical vote. It emphasizes the importance of

stochastic independence and the paucity of Straffin’s Homogeneity Assumption as a model of



correlated voting. The discussion then turns to the probability of casting a critical vote as a
measure of voting power, and the advantages and disadvantages of correlation as a statistical tool
for modeling actual voting behavior. Section [3] reviews the extensions of the CJT to correlated
votes, with an emphasis on Boland’s (1989) opinion leader model, as its structure is broadly
similar to that of the model discussed in this paper. Drawing on results by Kaniovski (2008),
Section[dldiscusses a numerical scheme for constructing a generalized Bz measure of voting power
from the probabilities of each member’s YES vote and the correlation coefficients between them.
The method solves the aggregation problem of finding a distribution on the set of coalitions
that is consistent with empirically estimable probabilities and correlations between individual
votes. In Section [B] I use this method to construct numerical examples on Boland’s opinion
leader theme. They show how heterogeneity, when expressed in terms of correlation between
votes, can induce actual power distributions different from those implied by equiprobable and

independent votes. The last section offers concluding remarks.

2 Straffin’s characterization

Straffin (1977) shows that the appropriate model for the Bz measure is one of equiprobable and
independent votes, where equiprobability means that each member votes YES with p = 0.5.
The equiprobability and independence of votes ensure the equiprobability of coalitions. The
appropriate model for the SSI is one in which each member votes YES independently with
an equal probability p, drawn from the uniform distribution on [0, 1} Straffin calls the two

respective sets of assumptions Independence and Homogeneity.

!Straffin’s original Independence Assumption says: “The p;’s are selected independently from the uniform
distribution on [0,1]”. Leech (1990) shows that the requirement of a uniform distribution is unduly strong in the
case of the Bz measure — it suffices that p;’s are selected independently from a distribution on [0, 1], having 0.5
as its expected value. But for all practical purposes Straffin’s formulation is equivalent to a Bernoulli model with
the p = 0.5 stated above (Felsenthal and Machover (1998, Rem. 3.1.2)).



Independence seems a valid assumption in the absence of prior knowledge about future issues
on the ballot and how divided the voting body will be over these issues. It is an assumption one
is compelled to make at the constitutional stage of a voting body. Homogeneity alludes to the
fact that decisions by voting bodies with p close to 0 or 1 would appear positively correlated to
someone who does not know the value of p, suggesting a high degree of commonality among the
members. But even then it is highly restrictive, as the implied correlation coefficient is fixed at
1/3 (Felsenthal and Machover 1998, p. 210).

Two further points are worth emphasizing. First, stochastic independence of votes is essential
in both models. A mere glance at Straffin’s proofs suffices to see that an increment in the
multilinear extension of a simple game incurred by the addition of a member’s vote can only be
interpreted as the expected — in the sense of mathematical expectation — impact of this member
on the outcome of voting if all votes are stochastically independent. Second, the two models
cannot be directly compared because they have different spaces of elementary outcomes and

hence also different probability spaces.

2.1 The Banzhaf measure

Let the set of voters be N = {1,2,...,n}. A coalition, that is a set of YES voters, is defined
by any subset of N, S C N. There will be 2" such coalitions. The characteristic function is the
map w from the set of all coalitions to {0,1} such that wS = 1 if S is winning, and wS = 0
otherwise. If the i-th vote is critical for S, then wS —w(S\{i}) =1 — 0 = 1. If the i-th vote is
not critical for S, then wS — w(S\{i}) =0—-0=0, or wS —w(S\{i}) =1 —1=0. In the first

case, the i-th vote is insufficient for S to win; in the second case, it is unnecessary for .S to win.



The Bz measure of voting power can be defined as

b= gy > (w8 — w(S\[i)).

SCNieS

The sum equals the number of coalitions in which ¢ is critical, called the Bz score of i.

In a binary voting game P(i votes YES) + P(i votes NO) = 1, so that

P(i is critical) = P(i is critical N4 votes YES) 4+ P(i is critical N ¢ votes NO).

In terms of conditional probabilities,

P(iis critical) = P(iis critical | i votes YES)P(i votes YES) +

+ P(iis critical | i votes NO)P(i votes NO).

(3)

If the votes are equiprobable and independent, then all 2"~! coalitions in which i votes YES

would occur with probability 0.5, and 3; would be the probability of i being critical by voting

YES. Similarly, 8; would be the probability of i being critical by voting NO.

In the general case of arbitrarily distributed and possibly dependent votes, the two condi-

tional probabilities in (3]) will be different, so that the actual power of a member will depend on

whether she votes YES or NO.

Remark 1. In the general case of arbitrarily distributed and possibly dependent votes, the prob-

ability of 1 being critical by voting YES will be

P(i is critical| i votes YES) = 1 Z ws(wS —w(S\{i})).

i SCN,ieS



Here p; € [0, 1] is the probability that i votes YES, and 7g € [0, 1] the probability of occur-
rence of coalition S given by a joint probability distribution 7 on the set of all coalitions. Two
questions suggest themselves: which distributions occur empirically and which can be derived
from plausible stochastic assumptions on votes. The former question has been addressed be-
fore. For example, Heard and Swartz (1998) estimate 7 for coalitions in the Supreme Court of
Canada using Bayesian techniques and compute the above measure, which they call the empir-
ical Banzhaf index. Finding an answer to the second question requires solving an aggregation
problem. Section @ discusses a numerical scheme for constructing 7 for given probabilities and

correlation coefficients between the votes.

Remark 2. The characteristic function w does not depend on the distribution 7.

Coalitions that are winning under equally probable and independent votes continue to do
so when the votes lose either property; what changes are the probabilities of their occurrence.
Assigning different weights to members of a given voting body, or changing the quota, may
change the characteristic function of the game, but not the probability distribution. This fact
is important because it means that the properties of the characteristic function can be studied
separately from those of the probability distribution. It makes symmetric simple-majority games
an interesting subject for analysis, as the effect of the characteristic function on power in those

games is trivial, whereas the effect of the probability distribution is not.

2.2 Probability as a measure of power

The probability of being critical describes the ability to change the outcome of voting. As such
it is a measure of the actual voting power that fits well with the Weberian notion that “power

is the probability that one actor within a social relationship will be in position to carry out his



own will despite resistance, regardless of the basis on which this probability rests” (Martin 1971,
p- 241). It is a compound measure which takes into account both the calculus of coalitions
that follows from the rules of the voting body and the likelihood of their occurrence.

Power is an elusive concept, and probability is not a flawless measure of power. If the rules
of a voting body are such that a member’s a priori power is zero (the member is a dummy),
then nothing except a change of the rules could change this fact. However, it is possible for a
member to be powerless despite her having some a priori power. This would be the case if all
coalitions in which the member is critical have zero probabilities of occurrence. If coalitions in
which a member is critical never form due to other members’ actions, then that member would
be powerless in the sense of not being able to realize her own will in a collective action. It should
be noted that the probability of being critical is not at odds with Braham and Holler’s (2005)
critique of preference-based measures of power. Probability still describes only a potential for
being critical. But it is a potential derived from circumstances which are in part outside of the

framework of simple voting games, such as preferences, strategies and information.

2.3 Correlations as preferences

Correlation between votes offers a flexible way of modeling heterogeneity among the members
of a voting body. Take the example of heterogeneous preferences. Two common approaches
are used to represent members’ preferences: a spatial one and one involving a direct restriction
on the set of coalitions. Preferences in a spatial representation are points in a suitably labeled
Euclidean space, such as a policy space spanned by the quantities of two public goods. The degree
of commonality between preferences can be expressed by the distance between the members’

preferred (ideal, or bliss) points. Spatial representations often are deterministic and therefore

2For a discussion and a critique of the Weberian notion of power see Morriss (2002).



rigid, while correlations only express the probabilistic tendency of members toward certain
outcomes. While correlations can be easily estimated from ballot data, it is difficult to choose
ideal points for members of a real voting body. Explicit restrictions on the set of possible
coalitions are equally rigid, as is demonstrated by the paradox of quarreling members. If two
members have a quarrel, then any coalition containing both members is impossible and will not
count toward their Bz scores (Brams 1975).

Correlation seems to be a flexible and empirically promising way of modeling preferences,
but this method is not without limitations. First, correlation is a pairwise property of random
variables. It cannot capture relationships between an individual member and a bloc of members.
This entails no loss of generality if voting blocs are deterministic, in the sense that each insider
votes in unison with all other insiders with probability one, because then pairwise correlation
between an outsider and a bloc is equivalent to pairwise correlation between the outsider and
a hypothetical member holding the total weight of the bloc in votes. The literature on voting
power typically studies deterministic blocs.

Second, while in general three random variables can be negatively correlated pairwise, nega-
tive correlations present an awkward constraint in binary choice situations. If one member votes
YES whenever another votes NO, and vice versa, then by virtue of binary choice a third mem-
ber’s vote cannot be simultaneously discordant with the former two. Three members cannot
be mutually contrarian. Positive correlations do not impose such a constraint, as they reflect
common rather than contrarian tendencies. Positive correlations between the YES votes make
all such votes more probable than they would otherwise be if the votes were independent. Most
of the literature discussed in the next section assumes positive correlations.

Third, the property of being positively correlated is not transitive, and so cannot be used

to define a transitive preference relationship. Langford, Schwertman and Owens (2001) show



that from the correlation coefficients satisfying ¢, , > 0 and ¢, . > 0 it does not follow that
Cr,> > 0, unless ci’y + cg’z > 1. The property of being positively correlated is only transitive
when correlation between any two of the three random variables is sufficiently high. For example,

Cry = 0.75 and ¢, . = 0.70 satisfies this inequality, but ¢, , = 0.75 and ¢, . = 0.60 does not.

3 Condorcet’s Jury Theorem (CJT)

In his famous 1785 essay, Condorcet rationalized entrusting important decisions to a collective
rather than an individual, and found the simple majority to be the best mode for a collective to
reach its verdict. CJT is a mathematical formalization of his ideas (Young 1988). In its classic
version the theorem rests on five assumptions: 1) the jury must choose between two alternatives
(of which one is referred to as correct); 2) the jury makes its decision by voting under the simple
majority rule; 3) each juror is competent (has more than an even probability of voting for the
correct alternative); 4) all jurors are equally competent (have equal probabilities); and 5) each
juror makes his or her decision independently of all other jurors. For a jury that satisfies all the

above criteria, the following is known to be true:

1. any jury comprising an odd number greater than one of jurors is more likely to select the

correct alternative than any single juror and
2. this likelihood tends to a certainty as the number of jurors tends to infinity.

It is customary to refer to 1 and 2 as the non-asymptotic and asymptotic parts of the theorem.
In the literature on CJT, a jury that violates the assumption of equal competence is called

heterogeneous, as opposed to homogeneous.

Remark 3. A homogeneous jury is a Homogeneous voting body in the sense of Straffin (1977).
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I will return to this point in Section [Bl For the moment, note that the above remark holds
for both competent and incompetent juries as long as they are homogeneous. Similarly, Sraffin’s
Independence Assumption coincides with that of a randomizing jury in which each juror is
correct with probability 0.5.

A large body of research focuses on the consequences of relaxing the assumptions of equal
competences (homogeneity) and independence for the validity of the theorem. Both assumptions
are unrealistic, as jurors are subject to many individual and contextual factors that are likely
to influence their decisions in different ways. These factors include differences or similarities in
education, experience or ideologies, the presence of common and asymmetric information, and
the presence of strategic behavior. Realistically, the jurors should have different but overlapping
competences, with sets in a Venn diagram providing a useful analogy here. The competences of
different jurors could overlap in different ways, for example: Joe and Ann went to the same col-
lege, Joe and Peter support the same political party, Ann and Peter bowl together on weekends,
and all of them face the same evidence in court.

The assumption of competence is crucial to the asymptotic part of the theorem as the
converse often leads to an opposite result: As the number of incompetent jurors tends to infinity,
the jury arrives at the incorrect decision with probability one. Berend and Paroush (1998) derive
a necessary and sufficient condition required for the asymptotic part of the theorem to hold. As
a condition on the mean of jurors’ competences, it encompasses the case of homogeneous juries.
Independence is still required.

The non-asymptotic part of the theorem does not generally hold for heterogeneous juries. In
a heterogeneous jury all jurors are competent, but in different ways. Ben-Yashar and Paroush
(2000) construct an example of a jury consisting of one juror with higher competence and two

jurors with lower competence, in which the likelihood of the jury choosing the correct alternative
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using the simple majority rule is lower than the likelihood that the most competent juror chooses
it on her own (see also Nitzan and Paroush 1984, Berend and Sapir 2005). Ben-Yashar and
Paroush (2000) propose a refinement of the CJT that remains valid regardless of the specific
distribution of competence within a jury. They show the non-asymptotic part of CJT to hold
if the average competence of a randomly chosen group of more than three jurors is higher than
that of any single juror.

The validity of CJT when a supermajority instead of simple majority is required for the
jury to reach a decision has been discussed in Nitzan and Paroush (1984), Ben-Yashar and
Paroush (2000), and Kanazawa (1998). Fey (2003) shows both parts of the theorem to hold in
a sufficiently large jury “as long as the average competence of the voters is greater than the
fraction of votes needed for passage” (p. 28). Hence, the theorem also holds for heterogeneous
juries using supermajority rules, although independence remains essential.

Competence seems to be a natural assumption for a group of experts. The same cannot be
said of stochastic independence There are at least three extensions of CJT to correlated votes.
These include the opinion leader model by Boland (1989), the model based on an urn process
by Berg (1985), and a general framework of conditional probabilities by Ladha (1992). Boland
studies a heterogeneous jury consisting of an opinion leader and several followers. Berg and
Ladha study ex ante homogeneous juries in which each vote has an equal probability of being
correct and each pair of votes is correlated with the same coefficient of correlation. Although
each model involves a different conceptual extension of the probabilistic setting of the theorem,
all three conclude that the theorem remains valid only if the correlations between the votes do

not exceed certain thresholds.

3The fact that the jury is confronted with the same evidence already suggest probabilistic dependence of a
juror’s vote on the quality of evidence (Dietrich and List 2004). A popular book by James Surowiecki contains
many fascinating examples of a phenomenon commonly known as “group think” (Surowiecki 2005).
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3.1 Boland’s opinion leader model

Consider a voting body comprised of two members, 7 and j. Suppose i votes YES with probability
pi, j votes YES with probability p;, and their votes correlate with a coefficient of correlation
¢;,j. Define the probabilities of the four possible voting profiles as: P{v; = 1,v; = 1} = 7,
P{v; = 1,v; = 0} = mp, P{v; = 0,v; = 1} = w3, P{v; = 0,v; = 0} = my, where 1 and
0 respectively indicate the YES and NO vote. We have: m + m2 = p;, m1 + 73 = p; and
71 + 7o+ 3+ 14 = 1. As the covariance cov(v;, vj) between the two Bernoulli random variables
v; and vj, such that E(v;) = p; and E(v;) = pj, is E(vivj) — E(vi)E(vj) = m1 — pipj, the

coeflicient of correlation ¢; ; = cov(v;, v)/+/var(vi)var(v;) must satisfy

T = pipj + Ci,j\/pi(l —pi)pi(1 —pj). (4)

Note that two uncorrelated Bernoulli random variables are independent.

Marginal probabilities p; and p; can be interpreted as ex ante probabilities of ¢ and j voting
YES. I attach the following empirical meaning to this statement: Should ¢ alone decide on a
series of motions, then the relative frequency of accepted motions would approach p; as their
number approaches infinity. Should ¢ and j decide together, then the frequency of unanimously
accepted motions would approach 7.

The above formulation does not assume anything about the dynamics of the voting procedure

or the nature of probabilistic dependence, but such interpretations can be easily introduced by

rewriting (4)) as a conditional probability 71 = p; + C;JJ V/pi(1 — pi)p;(1 — p;). Events v; and v,
can be interpreted in several ways. Boland (1989) assumes sequential voting in which j’s vote

is followed by 4’s, who observes it prior to VOtngH If j votes YES and ¢; ; is positive, then

4In a different version of the model, Boland, Proschan and Tong (1989) view j as an exogenous factor, such as
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chances are that ¢ will also vote YES. Thus, there is a state dependence on how j has voted.
Boland’s model involves a jury consisting of an opinion leader whose vote j is independent, and
an even number of followers whose votes correlate with that of j. The votes of the followers are
conditionally independent, given the opinion leader’s vote. If p is the probability that a juror
will make the correct decision, ¢ = 1 —p, and c is the correlation coefficient between the vote of a
follower and the leader’s vote, then we have P{v; = 1|v; = 1} = p+cq, P{v; = Olv; = 1} = q—cq,
P{v; = 1jv; = 0} = p — cp, P{v; = Olv; = 0} = ¢ + cp. This follows from the definition of

conditional probability and the following simple Lemma:

Lemma 1. Let v; and v; be two Bernoulli random variables with E(v;) = p; and E(vj) = p;.

Further, let

P{v; = Lv; = 1} = pipj + Ci,j\/pi(l —pi)pj(l —pj)§ (5)

Plop =005 =1} = (1—pi)p; + %‘\/pi(l = pi)pi(1 = pj); (6)

Ploi=1u; =0} = pill—pj) +éi0/miL—pps (1~ py): (7)

Plui=0,0; =0} = (1-p)(1—pj)+ Ei,j\/l)z‘(l —pi)p;i (1 —pj). (8)
Then, c;; = —C;j, ¢ij = —Cij, Cij = Cij-

Boland’s model describes a situation in which the opinion leader’s vote is followed by the
simultaneous voting of his followers, whereby the nature of events involved becomes sequential.
The above is not the only way to model probabilistic dependence between votes. Several al-
ternatives have been proposed in the literature, including the urn model by Berg (1985) in the

context of voting power, and Berg (1993) in the context of jury theorems. Berg’s approach is

the quality of evidence presented in court. See Dietrich and List (2004) for a related approach based on conditional
probabilities of the jury being correct given that the evidence can be misleading.
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based on an urn process. The sequential nature of events follows by construction of an urn
scheme, in which colored balls are drawn one at a time and then replaced by one or several
balls of the same color. A model based on an urn process implicitly assumes that the ex post
probability of a vote being YES may change every time a vote is cast. The voting procedure
becomes dynamic because each vote alters the composition of the urn, thereby creating depen-
dence between votes. Berg concludes that positive correlation decreases the probability of the
jury being correct, while negative correlation, representing contrarian or rivaling competences,
has the opposite effect. Both models imply a state dependence in the process of reaching a
decision, with the possibility of a lock-in on the incorrect alternative (Page 2006).

A sequential model is not universally applicable. In a voting by roll-call situation, one could
condition the probability of each vote turning out in favor of an alternative on all preceding votes,
as these are observed prior to the vote being cast. An urn model is appropriate in this situation
and, in general, for modeling group dynamics among members of a voting body. However, an
urn model is less appropriate in the very common case of simultaneous and anonymous voting, or
when the expertise of several experts whose opinions have been expressed individually is pooled
into a collective judgment.

Traditionally, the literature on jury theorems and voting power assumes sincere voting. A
vote is sincere if it truthfully reflects the voter’s preferences. Studies on the effect of informational
asymmetries on voting behavior in juries show that sincere voting is not rational and cannot be
an equilibrium behavior in general (Feddersen and Pesendorfer 1996). Boland’s approach and
its extension in this paper are compatible with both sincere and strategic behavior, as well as
many other types. However, the key issue is not the rationale behind the individual behavior
but the statistical consequences of this behavior.

Gelman, Katz and Tuerlinckx (2002) propose another approach that accommodates cor-
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related votes based on the Ising model from statistical mechanics. In their model votes are
equiprobable but correlated. Correlations are not explicitly defined, but follow implicitly from a
parameter of spatial proximity. They derive a specification for the variance of proportional
vote differentials between constituencies of different sizes and test it, as well as Penrose’s
(1946) square-root rule of equal representation in two-tier voting systems which follows from
the Bernoulli model in Straffin’s Independence Assumption using the data from U.S. Presi-
dential elections. Both specifications find little empirical support (see also Gelman, Katz and

Boscardin 2003, Gelman, Katz and Bafumi 2004).

4 Computing the Bz measure in the general case

In order to introduce varying probabilities and correlations between votes into the generalized Bz
measure in Remark [Il, we must construct a probability distribution on the set of coalitions that
satisfies given probabilities and correlation coefficients. For n = 2 this is easily accomplished by

simultaneously solving the following four equations 71 +mo = p;, m1+73 = p;, T +ma+m3+m4 = 1,

T = DiDj + cm\/pi(l — pi)pj(1 — p;), subject to my,ma, w3, M4 € [0, 1].

To formulate an analogous system of equations for an arbitrary number of voters I will use
the following notation. A voting profile is given by a binary vector v = (v1,va,...,v,), whose
i-th coordinate v; = 1 if ¢ votes YES, and v; = 0 if 4 votes NO. Let V be the set of all voting
profiles, V(i) the set of voting profiles in which member i votes YES, that is, the set of all binary
vectors v such that v; = 1, and V (i, j) = V(i)N'V(j) the set of voting profiles in which members
¢ and j both vote YES, that is, the set of all binary vectors v such that v; = v; = 1. Sets V,
V(i) and V(i,5) respectively contain 27, 2”1 and 2”2 elements. For example, for n = 3 there

will be eight voting profiles 1:(1,1,1), 2:(1,1,0), 3:(1,0,1), 4:(1,0,0), 5:(0,1,1), 6:(0,1,0), 7:(0,0,1),
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and 8:(0,0,0). The set V contains all eight vectors. The set V(2) contains the four vectors 1, 2,
5 and 6, as only they have 1 in the second coordinate. The set V(2,3) contains two vectors, 1
and 5, as only they have 1 in the second and third coordinates.

Using the above notation, the system for n voters can be written as

v € [0,1], forall veV; 9)

Zﬂ'v = 1, forall i=1,2,...,n; (10)
vev

Z T = p;, forall 1=1,2, ... n; (11)
vev (i)

Z v = pipj+ Ci,j\/pi(l —pi)pj(1 —p;) foral 1<i<j<n. (12)
veV(i,j)

Constraints (9)-(T2) define a convex subset (polytope) in R2", C' C R?". Any point belonging to
C is a suitable probability distribution. Such a distribution exists whenever C # @. For n > 3
the above system will typically have infinitely many solutions, as with n > 3 probabilities and
(g) coefficients of correlation it would comprise 1 + n + (g) equations with 2" unknowns. For
a particular solution, Kaniovski and Pflug (2007) propose choosing the one which is closest in
the sense of least squares to the probability distribution in the case of independent votes. This

solution can be obtained by solving the following quadratic optimization problem

n 2
1
: - _ (¥ _ 4(1—1)1')
min 5 7% Ty ilzllpi (1—pi) , (13)

v

subject to constraints (9)-(I2). Clearly, the inputs must satisfy p; € [0,1] and ¢; ; € [—1, 1], and
the correlation matrix collated from ¢; ;’s must be positive semi-definite.
The strict convexity of the objective function ensures a unique solution. In principle, any

probability vector of length 2™ can be used as a criterion vector for computing the smallest sum
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of squared deviations. The chosen vector corresponds to the probability distribution in the case
of independent votes, which is a natural benchmark.

Solving the most general optimization problem with arbitrary probabilities and correlation
coefficients requires numerical optimization. Kaniovski (2008) analytically solves a slightly less
general problem, in which all the probabilities are identical but the correlation coefficients may

vary. An analytical solution is obtained by the method of Lagrangian multipliers (Appendix).

Proposition 1. Let p; = p € [0,1] for alli =1,2,...,n be the probability of i-th member voting
YES and ¢;j € [-1,1], 1 < i < j < n, the correlation coefficient between any two such votes.

Setting g = 1 — p, the probability of occurrence of a voting profile is given by

ﬂ-: — ZZ 1vz n—y i 11)1_’_22 npqz Z 017]_23 nquvZ Zc]l+ Z Cij

=1 j=i+1 Jj=i+1

+ 24_"pqz Z C; jU; V5, (14)

i=1 j=i+1
provided T, > 0.

For a homogeneous jury, in which ¢; ; = ¢ for all 1 <14 < j < n, the solution simplifies to

« n v =" v o2— nn—1) _
Wv:pzz,lvqn 2 +2 nqu( 5 7’L—1 ZU1+4Z Z Uzvj) (15)

i=1 j=i+1

The model is completely general in that it admits varying probabilities and correlation coeffi-
cients. If distributions that satisfy the inputs indeed exist, the numerical scheme will find one
such distribution. Since the analytical solution does not take into account the complementary
slackness conditions (@), it yields the same distribution only if all voting profiles have posi-

tive probability, which restricts the admissible correlation coefficients. Applied work should use
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numerical optimization with the full set of constraints imposed.

Equation (I4]) can be used to compute the probability of occurrence of any of the 2™ voting
profiles. Once a distribution is found, one can compute the Bz measure in any weighted voting
game, but doing so still involves finding the winning coalitions in which the member is critical.
The problem of finding such coalitions cannot, in general, be solved analytically. Moreover,
finding such coalitions poses a separate problem, as the characteristic function is independent
of the stochastic properties of the votes (Remark B)). Kaniovski (2008) provides a closed-form
expression for the Bz measure in a symmetric simple-majority game, in which each vote has an
equal probability of being YES, but not necessarily 0.5, and each pair of votes is correlated with

the same coeflicient of correlation.

5 Examples

This section presents twelve numerical examples that extend Boland’s opinion leader model
described in Section [3.1] to a richer and more realistic setting. Consider the simplest case of a
symmetric (unweighted) simple-majority game with three members. Member L (leader) acts as
an opinion leader by voting first, or by credibly announcing her vote prior to other member’s
voting. The other two members can be of type N, F and C. Type N is neutral to L, and their
votes are independent. Type F' (follower) tends to agree with L on average, and their votes are
positively correlated. Type C' (contrarian) tends to disagree with L on average, and their votes
are negatively correlated. Type NN is also neutral to F' and C, while F' and C are obviously

contrarian. To fix the parameters in terms of probabilities and correlation coefficients, let the
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ex ante probability of voting YES be p = 0.5 for all members, and the correlation matrix be

C —-025 0 -0.25 1

Table[lillustrates the influence of the constitution of the voting body on the voting powers of
its members, and the effect of L’s opinion leadership. The first column contains the probabilities
of occurrence of eight coalitions w. The second and third columns contain the conditional
probabilities of the possible coalitions when L acts as an opinion leader by voting YES or NO,
denoted, respectively, as my and 7. The conditional probabilities are obtained by dividing the
corresponding unconditional probabilities in the first column by the probability of L voting YES
or NO (here 0.5), and setting the probability of those coalitions in which L would vote otherwise
to zero. Measures BzY and BzN of a member are computed as the sum of the probabilities of
occurrence of all coalitions in which the member is critical using the conditional distributions in
columns two and three. For a member in position 1,2, and 3 (L, N, N in Case 1) these coalitions
are, respectively, 2,3,6,7 — 2,4,5,7 — 3,4,5,6.

In Cases 1,2, and 3, L faces two voters of the same type. By assumption, votes of the same
type are perfectly positively correlated, as they effectively form a deterministic voting bloc that
commands a simple majority of votes, denying L any voting power.

The remaining two members in Case 1 are independent. This is the Bz ideal case described

in Straffin’s Independence Assumption, in which each member’s actual voting power equals her
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a priori power (Section ). As expected, the voting power of N depends neither on how she
votes, nor on the behavior of L.

Substitute two neutral members by two followers F' (Case 2). F’s votes correlate positively
with L’s. Positive correlation makes broad coalitions more probable, and tight coalitions less
probable. Broad coalitions represent voting profiles with a high degree of consensus or unanimity,
as in the case of a grand coalition, and are characterized by a high percentage of 1’s or 0’s in
the binary vector. Positive correlation between followers decreases their voting power from 0.5
to 0.375. In a symmetric simple majority game with an odd number of members a member is
critical if she breaks a tie, and positive correlation decreases the likelihood of ties. Negative
correlation makes tight coalitions more probable, and broad coalitions less probable. Case 3
portrays a situation in which two C-type members act together against L. Their voting power
is higher than that of NV in Case 1.

Voting bodies in Cases 4, 5, and 6 comprise members of three types. Now the voting power
of L depends on whether she acts as an opinion leader. Cases 4 and 5 show that the voting
power of a neutral member depends on correlations between other members’ votes. In Case 4,
N faces two members (L and F') who tend to take similar positions, while in Case 5 the two
members (L and C) follow contrarian strategies. The voting power of the neutral member is
high in the former situation and low in the latter. Case 6 is interesting because it is the only
one in which the power of L increases as a result of two other members being contrarian.

In all cases in Table (), the power of L is the same regardless of L’s vote. This will not be
true in general. Table [2] revisits the same six cases, but now the ex ante probability of voting
YES is p = 0.75 instead of p = 0.5. Now the voting body is biased toward acceptance. The
abundance of YES votes makes NO votes more powerful, as they are more likely to effectuate

a tie. The probability of ties that can be resolved with a YES vote will be lower than the
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probability of ties that can be resolved with a NO vote because the former type of coalition
contains more of the kind of vote that is more likely to occur. This is best seen on the example
of the neutral member N.

In Section [3] we saw that a setting in which p > 0.5 has a natural interpretation in the
literature on CJT. A jury of independent jurors in which the probability of a juror convicting
the guilty is higher than 0.5 is called competent. Case 7 shows a jury of competent but not
independent jurors. A comparison of distributions between Case 1 and Case 7 reveals the jury’s
competence reflected in higher probabilities of voting profiles in which the correct decisions are

frequent (1’s), and a higher probability of collectively making the correct decision.

6 Summary and conclusions

What can a power theorist learn from a jury theorist? I think a lot, if one considers that both
strive for more realistic models of voting bodies. The gist of the paper and the questions it

leaves open can be summarized as follows:

1. Staffin’s characterization of the classical measure of voting power by Banzhaf and Shapley-
Shubik unrealistically requires stochastic independence between votes. Even if accepted
as a model of correlated votes, Straffin’s Homogeneity Assumption is very rigid, as the
implied coefficients of correlation can only assume a fixed positive value. In this paper I
argue that working directly with correlated votes is a more general way of modeling truly
heterogeneous voting bodies, which I demonstrate using the Banzhaf measure of voting

power;

2. In doing so, I turn to the literature on the Condorcet Jury Theorem. This literature

is concerned with the probability of a jury collectively making correct decisions. This
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probability depends inter alia on correlations between the votes. Boland’s opinion leader
model is of particular interest as its structure is broadly similar to that of the model

presented in this paper;

. I discuss a simple generalization of the Bz measure. The measure admits any probability
distribution on the set of coalitions. Further work is required in order to identify families of
distributions resembling those which occur empirically, as well as those which consistently
arise from different (suitably stylized) modes of individual voting behavior. The paper
discussed a method that solves the problem of finding a distribution on the set of coalitions

that is consistent with given probabilities and correlations between individual votes;

. Introducing correlation between the votes appears to be a general way of capturing hetero-
geneity among members of a voting body due to preference, strategies, or informational
asymmetries. The generality derives from a correlation expressing only the probabilis-
tic tendency of a member toward certain positions, rather than a deterministic position.
Correlation introduces an element of realism to the analysis of a priori power, while pre-
serving the basic structure of the Bz measure and everything we know of weighting voting
games. The fact that correlations can readily be estimated from ballot data opens up the
possibility of calibrating an accurate empirical model of a heterogeneous voting body or
estimating such a model from ballot data. A critical examination of pairwise correlation

as a statistical tool for modeling heterogeneous preferences is provided;

. I discuss a numerical scheme for constructing probability distributions on the set of coali-
tions from probabilities and correlation coefficients. The numerical scheme is general in
admitting varying probabilities and correlation coefficients, with an analytical solution

provided for a voting body in which the former are identical while the latter can vary;
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6. Numerical examples indicate that a priori voting power is likely to be very different from
actual power defined as the probability of casting a critical vote. The actual voting power
of a member will depend on whether she votes YES or NO, and whether her vote is known

to other members of the voting body prior to their voting.

A Solution to the optimization problem

Write the Lagrangian £(x) as

- g g
2%

vev
| PR }+z > w3 v eme)] 00
=1 veV (i) =1 j=i+1 veV(i,j)

n .
The subscript V(v) = > 2"7*(1 — v;) + 1 indicates the coordinate of x that corresponds to the
i=1
probability of the voting outcome v. The coordinates of x are indexed in the descending order
of the decimals represented by the corresponding binary vectors of voting outcomes.

First-order conditions for a maximum with respect to x are

n—1 n
vy = PR g Tt ) zﬂm >3 ko a7)

i=1 j=i+1

Substitute (7)) in each of the three constraints (IQ)-(12]). Use the fact that V, V(i) and V (i, j)

respectively contain 2", 2”71 and 2”2 elements. Substituting in (I0)

4A+2Zuz+zzm_o (18)

i=1 j=i+1
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Substituting (I7)) in (), differentiate coordinates to the left and the right of the i-th coordinate

AN+ ) +2 Z,LLJ—I—ZKJH—ZRW —I—ZZRM—O (19)

j=i+1 k=11=k+1
]#z k#i  l#1
which in view of (I8]) simplifies to
2!%"‘25]1"‘ Z Kij = 0. (20)
Jj=1+1

Similarly, substituting (D) in (I2), differentiate coordinates to the left of the i-th coordinate,

to the right of the j-th coordinate, and inbetween

2" "pge; j + AN+ i + g + ki) +

Z“k+ Z fizk—l—Zfi;“—i- Z R]H—Zfﬁz,] + Z Z ke = 0. (21)

k=i+41 l=j+1 k=1 I=k+1
k#m k#j l#l k#i,j 1#i,5

In view of (I8) and (20) the above expression simplifies to

Ky = —24_npq0i,j~ (22)

Plugging ([22) in (I8) and then in (20) yields the sought solution.
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